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Astronomical observations strongly suggest that our universe is now accelerating and
contains a substantial admixture of dark vacuum energy. Using numerical simulations
to study this newly consolidated cosmological model (with a constant density of dark
energy), we show that astronomical structures freezeout in the near future and that the
density pro les of dark matter halos approach the same general form. Every dark matter
halo grows asymptotically isolated and thereby becomesthe center of its own island
univ erse. Each of these isolated regions of space-time approaches a univ ersal geometry
and we calculate the corresponding form of the space-time metric.
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1. Intro duction

The basic cosmologicalparametersthat describe our universehave now beenmea-
sured with compelling precision. Recert measuremelis of the cosmic microwave
badkground radiation indicate that the universeis spatially at. * Complemertary
measuremets of the redshift-distance relation using Type la supernovae strongly
suggestthat the universeis now accelerating? Taken together, the current astro-
nomical data argue for a cosmologicalmodel with matter density m.o = 0.3, dark
vacuum energydensity .o = 0:7, curvature constart k = 0, and Hubble constart
Ho = 70 km s ! Mpc 1. Although the time dependenceof the dark energy has
not beenfully determined, the current data are consistert with the vacuum energy
density being temporally constart, asthis work assumes.

This newly consolidatedcosmologicalmodel represents a milestonein our under-
standing of the universe.The large scalespace-timeof the universeis now known
and its corresponding metric canbe speci ed. In the absenceof structure formation,
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the universeis homogeneousand isotropic, and the space-timewould be described
by the maximally symmetric Robertson{Walker metric.® Since the universe does
contain gravitationally collapsed structures, however, the metric that describes
space-timeis one step more complicated | it must include the cortribution from
the structures.

If the universeis already starting to accelerate,as obsenations indicate, then
structure formation is virtually nished. In the relatively near future, the universe
will approad a state of exponertial expansionand growing cosmologicalperturba-
tions will freezeout on all scales.Existing structures will grow isolated. Because
the parametersof our universeare now relatively well known, this future ewvolution
of cosmologicalstructure can be predicted with a high degreeof con dence. Seeral
recent papers have begunto explore the possiblefuture e ects of vacuum energy
densily,“{ 6 and demonstratethat the universewill indeedbreak up into a collection
of \island universes",eat corntaining one gravitationally bound structure.

In this essg, we presen the results of a recent seriesof numerical simulations
that describe the ewolution of structure in a universedominated by dark vacuum
energy (with .0 = 0:7 at the presert epoch). These numerical experiments show
that ead gravitationally bound halo structure grows isolated and that its density
pro le always approachesthe same general form. After describing the numerical
simulations in greater detail and specifying the form of this density prole, we
construct the metric for ead isolated patch of space-time. Each island universe
attains the same geometry and we nd the universal form for the metric that
describesthese patches of space-time.

2. Numerical Simulations

As part of a more comprehensie study of structure formation in the future of an
accelerating universe, we have performed a seriesof numerical simulations.” This
set of cosmologicalsimulations usedthe GADGET numerical package® and wasrun
on an Intel parallel cluster (at U. Michigan Center for Academic Computing). The
simulations were set up using a standard suite of initial conditions starting at scale
factor a = 0:05° and were ewlved forward into the future until the scale factor
had grown to a = 100. The cosmologywas chosento have the standard parameters
described above, with .0 = 0:3, .0 = 0:7,and Ho = 70km s ! Mpc ®. All of
the work reported here usesthis choice of cosmologicalparameters.

The simulations followedthe ewolution of a cubic, periodic regionwith comoving
linear size 366 Mpc. Only the ewolution of the dark matter was computed and we
only obtain information about dark matter halos at relatively large spatial scales.
The numerical resolution was set by using 128® dark matter particles, ead with
an e ective massof 9:57 10'*M . The force resolution had a constart value of
285 kpc. With this force and mass resolution, the inner workings of the galaxy
formation processare not well-resolved, but larger scale structures | the dark
matter halos containing most of the mass| are well characterized.
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Fig. 1. Results of numerical simulations of structure formation in an accelerating universewith a
constant density of dark vacuum energy. Top panel shows a portion of the universeat the presert
epoch when the scale factor a = 1 (cosmic age 14 Gyr). The box in the upper panel shows the
region that expands to become the picture in the center panel, which shows a portion of the
universe at a future epoch when a = 11:4 (cosmic age 54 Gyr). The box in the center panel
expands to becomethe picture shown in the bottom panel when the scale factor a = 100 (cosmic
age 92 Gyr). By this future epoch, the dark matter halo in the center of the bottom panel has
grown e ectiv ely isolated.

Hundreds of dark matter halosform within the volume of the universestudied
by the simulations. The ewolution from high redshift to the presen follows the now-
standard scenario.Most of the structure in the universeis already in place by the
presert epoch with a = 1. As the universeewlvesinto the future, the structures
grow more de ned and more isolated. As the accelerating universe cortinues to
expand, bound structures separaterapidly from ead other.5{7 In the long term,
existing cosmicstructures remain bound but grow isolated, asillustrated by Fig. 1.
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A large cluster will becomee ectiv ely isolated in about 120 Gyr, whereasa smaller
structure (like our Local Group) will grow isolated in about 180 Gyr. Thesestruc-
tures will be embedded within an accelerating universe with a constart horizon
scale,where the horizon distancery is given by

,_¢c2 15
rh = = _— _

HO v;0

12;600Mpc: Q)

This horizon distancery is not the sameasthe particle horizon, but rather is essen-
tially the Hubble radius. The distance scalery providesan e ectiv e \b oundary for

microphysics" within the much larger space-timeof the universe® The acceleration
of the universe e ectiv ely divides our preseri-day space-timeinto many smaller
\island universes".For this discussion,we considerthe cernter of ead dark matter

halo to lie at the certer of its own island universe. As we showv next, these dark

matter halos develop density pro les with a universal form in both time and mass
(for our chosencosmology).

3. Generic Form for the Density Prole

Numerical simulations indicate that cosmic structures, from galaxiesto clusters,
tend to dewelop the samebasic form for the density proles of their dark matter
halos.’1° As a result, every island universewill attain the same geometry for its
space-time.In order to estimate the geometry of these space-times,we must rst
estimate the (nearly universal) form for the density pro le of the dark matter halos.

Using the results from our numerical simulations, we have constructed a com-
posite dark matter halo from the 50 largest halos produced by one realization of
the simulation. These 50 halos are normalized so that the mean interior density
hasthe samevalue at the spatial scaler,qo (the radius at which the enclosedden-
sity is 200 times the critical density). With this normalization, the individual dark
matter halos show relatively little dispersion (with a mean of about 35 percen)
and hencethe composite averageis well de ned. The proles are closeto being
spherically symmetric (this point is discussedin Refs. 7 and 11) so we consider
density distributions that depend only on radius. The composite pro les are shovn
in Fig. 2 for varying cosmologicalepochs, starting from the presen (top curve) and
extending to a = 100 (bottom curve). Notice how the density pro les display the
samecharacteristic form over a wide range of epochs, with eat subsequeh pro le
being a stretched version of the previous one. This fact that dark matter halos
tend to approach a universal form has beennoted earlier,'° although the previous
composite pro les were more limited in spatial extent and did not match smoothly
onto the badkground universe.

The density prole at every cosmologicalepoch can be t with a spherical
density pro le of the form

(r) = —T (?:rs)P]3:2 [1+ r=r, J1*3P2; 2)
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Fig. 2. The density prole for dark matter halos. Each curve shows the average of the 50 largest
dark matter halos in the numerical simulation for a given time, ranging from the present epoch
a = 1 (top curve) to a = 100 (bottom curve). The numerically determined results (averaged
together) are shown as the solid curves. The dashed curves show the ts to the numerical results
obtained from the analytic density prole of Eq. (2). The dot-dashed curve shows the asymptotic
form of the density prole (in the limit t,a! 1).

This pro le describesthe basic radial dependenceof dark matter halosin the inner
regionsand matchessmoothly onto the badkground density of the universeat large
radii. Using the parametersrs = 0:50r,00 and p = 1:8, the above functional form
provides a good t to the numerically determined density pro les for all epochs.
In order to match the prole onto the background density of the universe, the
remaining parameter r; must scaleaccordingto ry = ry (g ab=(Gpr+2) | where the
presert-day value r; ) = 4.7 ryp0. The resulting ts to the density proles are
shown asthe dashedcurvesin Fig. 2. This relatively simple function Eq. (2) applies
over a factor of 10 in halo massscale,and ts the numerically calculated density
pro les over nearly 5 decadesin radial scale,11 decadesin density, and a factor
of 100 in the scale factor a. Over this range, the RMS departure of the tted
functions Eq. (2) from the composite averagesis 0.13in log,, (which corresponds
to dierences of 35%in ).

4. Asymptotic Form for the Metric

Using the speci ed form Eq. (2) for the density pro le, we can now determine the
line elemert ds? for the space-timewithin the horizon distancery .12 The certer of
the coordinate systemis taken to be at the certer of the cluster (or galaxy) and
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the massdistribution is assumedto be spherically symmetric. We begin by writing
the line element in the form

ds?= (1 A(r) ?#r®)dt?+ @ B(r)  2r?) dr?+r2d 2; (3)

wherewe have explicitly separatedout the the contribution dueto the cosmological
constart, which is setby the parameter 2 (2 3=45)1"2 2=M, (wherethe energy
scale 0:0003 eV for .o = 0:7). In an \empty" universe containing only
vacuum energy the line elemen would have the above form with A = 0 = B.
Becauseof the vacuum contribution, the metric contains an outer horizon at ry =
L. This outer horizon supports the emissionof radiation through a Hawking-like
medanism®® and hencethe future universewill be lled with a nearly thermal bath
of radiation with temperature T 10 3 eV and characteristic wavelength
My 12,600 Mpc. This radiation will becomethe dominant background
radiation eld after about one trillion years. The functions A(r) and B(r) take
into accourt additional curvature due to the massdistribution, which has a density
prole givenby Eq. (2).
If we adopt units in which ¢ = 1 (and henceG = My, 2), the function B(r) can
be written in the form
Z r
B(r) = 26@ =8 GFl (DFdr; 4)
0
where the density prole (r) is given by Eq. (2). Since we are interested in the
asymptotic form for the metric, we can considerlate times for which the scaler; is
stretched beyond the horizon ry . In this limit, the function B (r) can be simpli ed
to the form
Z

1 xdx
B(r)=4 G or3=

a0 O (5)
In the secondequality, we have de ned the parameter o = 4 G or which setsthe
\strength" of the curvature and the dimensionlessfunction () which speci es the
radial dependenceof the metric coe cient (where = r=rg). For typical values,
the strength parameter o 10 8, indicating that the departure from atness is
relatively small. The resulting function ( ) is shown in Fig. 3.

The function A(r) is related to the usual gravitational potential through the
de nition € 1 A(r),*? where the potential is de ned through the source
equation

d _ G[m(r)+ 4 r3p]

dr~  r(r 2Gm) ©

In this setting, the massis dominated by collisionlessdark matter particles and
the pressurep is negligible. Furthermore, the potential is small sothat we can use
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Fig. 3. The dimensionless functions () and () appearing in the asymptotic form of the
space-time metric of Eq. (8). The functions are plotted versusthe dimensionless radial coordinate

= r=rg (seetext). These functions, in conjunction with Eg. (8), specify the line elemert for the
majorit y of the life of the universe.

the approximation €? 1+ 2 andhenceA(r) = 2(r), with given by the
integral of Eq. (6). As a result, the function A(r) can be written in the form

Z 2Gm(r) dr=r

A = As 0 r 1 2Gm(r)=r
z
_ () d :
= 0 1 0 17()_ 0 ( )v (7)

where o and () are as de ned previously. We have also de ned an analogous
dimensionlessfunction such that A(r) = ¢ (). The quantity A; and its dimen-
sionlesscounterpart ; are de ned so that the potential  vanishesat spatial
innit y.12 As before, the dimensionlessparameter o = 4 G or3 10 ° setsthe
level of the curvature. The resulting function () is shawvn in Fig. 3. This completes
the speci cation of the metric.

5. Summary

In this essg, we have constructed the asymptotic form of the metric that describes
space-timein our cosmologicalfuture. Using numerical simulations, we have demon-
strated that individual gravitationally bound structures will becomeisolated in the
near future and thereby becometheir own \island universes" (Fig. 1). Each of
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these gravitationally bound ertities | dark matter halos| will attain a charac-
teristic form for its density distribution (seeFig. 2 and Eq. (2)). Finally, eac bound
structure will live at the center of its own island universe,and the metric of the
surrounding space-timecan be described by a line elemen of the form

d?’= (1 o () 2r)Hdt?+ @ o () ?r?) dr?+r3d ?; (8)

where ¢ = 4 G or3, = r=rs, and where () and () are shown in Fig. 3.
Astronomical ertities (planets, stars, and galaxies) living within the universewill
cortinue to ewolve over much longer time scales¥!* but space-timeitself can be
described by Eq. (8) for the vast majority of the total life of the universe.

The ideathat sometype of dark energycould a ect the expansionof the universe
datesback to Einstein's original intro duction of a cosmologicalconstart. Although
this idea hasbeencalled Einstein's greatestblunder, the currently obsened cosmic
accelerationsuggeststhat this conceptmay becomeone of Einstein's greatestlega-
cies. The motivation for the cosmologicalconstart wasto keepthe cosmosstatic.
In a twist of irony, the obsened dark vacuum energy does not make the universe
static, but rather drivesit to expand at an acceleratingrate. But even though the
universe expands and changes,and its constituent astrophysical objects age, this
essy shaws that the local space-timemetric doesapproach a \static" asymptotic
form | that is given by Eg. (8).
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